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Exercise 1. We have random variables X1, X2, . . . , Xn (n ∈ N∗). They all have the same law
µθ, that depends on a parameter θ ∈ R. Suppose T is a function of X1, . . . , Xn. Let θ̂n be an
estimator of θ (based on X1, . . . , Xn). We set θ∗n = E(θ̂n|σ(T )). Show that

E((θ∗n − θ)2) ≤ E((θ̂n − θ)2) .

Hint: E(θ|σ(T )) = θ.

E((θ∗n − θ)2) = E((E(θ̂n|σ(T ))− θ)2)

= E((E(θ̂n − θ|T ))2)

(Jensen) ≤ E(E((θ̂n − θ)2|T ))

= E((θ̂n − θ)2)

Exercise 2. We are interested in the following SDE (on an interval [0, T ], T > 0)

(0.1) dXt = µXtdt+ σdWt , X0 = 0 ,

((Wt)t≥0 is a standard Brownian motion, µ and σ are > 0). We take n ∈ N∗. We set ∆ = T/n.
For all k ∈ {0, 1, . . . , n}, tk = kT/n. For all t ∈ [0, T ], t = supk∈{0,1,...,n}{tk : tk ≤ t}. The Euler
scheme associated to Equation (0.1) is defined recursively by

Y0 = 0, Yk+1 = Yk(1 + µ∆) + σ
√

∆Zk+1 ,

where, for all k ≥ 1,

Zk =
Wtk −Wtk−1√

∆
.

For all k, Yk is an approximation of Xtk .
(1) Show that, for all k ≥ 0,

E(Y 2
k ) =

σ2

µ

(
(1 + µ∆)2k − 1

2 + µ∆

)
.

We show this using a recurrence on k.
– True for k = 0.
– Suppose this is true in k. The variables Yk and Zk+1 are independant so

E(Y 2
k+1) = (1 + µ∆)2E(Y 2

k ) + σ2∆

(recurrence) = (1 + µ∆)2 × σ2

µ

(1 + µ∆)2k − 1

2 + µ∆
+ σ2∆

=
σ2

µ

(1 + µ∆)2k+2

2 + µ∆
− σ2

µ

(1 + µ∆)2

2 + µ∆
+ σ2∆

=
σ2

µ

(1 + µ∆)2k+2

2 + µ∆
+
σ2

µ

(
− (1 + µ∆)2

2 + µ∆
+ µ∆

)
=

σ2

µ

(1 + µ∆)2k+2

2 + µ∆
+
σ2

µ

(
−(1 + µ∆)2 + µ∆(2 + µ∆)

2 + µ∆

)
=

σ2

µ
× (1 + µ∆)2k+2 − 1

2 + µ∆
.
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(2) Show that, for all k ≥ 0,

Xtk+1
= eµ∆Xtk + σeµtk+1

∫ tk+1

tk

e−µsdWs .

Hint: introduce Zt = eµtXtk + σeµt ×
∫ t
tk
e−µsdWs, for t ∈ [tk, tk+1].

We set k ≥ 0. We set Zt = eµtXtk + σeµt ×
∫ t
tk
e−µsdWs, for t ∈ [tk, tk+1]. Using the

product rule

Zt = Z0 +

∫ t

tk

µeµsXtkds+

∫ t

tk

σeµse−µsdWt +

∫ t

tk

(∫ s

tk

e−µudWs

)
σ(µeµs)ds+ 〈σeµ.,

∫ ..

tk

e−µsdWs〉t

= Z0 +

∫ t

tk

µeµsXtkds+

∫ t

tk

σdWt +

∫ t

tk

(∫ s

tk

e−µudWs

)
σ(µeµs)ds+ 0

= Z0 +

∫ t

tk

µZsds+ σ

∫ t

tk

σdWt .

The function x 7→ x is Lipshitz so there is a unique strong solution to the SDE on
[tk, tk+1]:

Utk = Xtk , dUt = µUtdt+ σdWt .

So Zt = Xt for all t ∈ [tk, tk+1}. Which imples Ztk+1
= Xtk+1

(the desired result).
(3) Show that, for all k ≥ 0,

E((Yk+1−Xtk+1
)2) ≤ (1+∆)e2µ∆E((Yk−Xtk)2)+

(
1 +

1

∆

)
E(Y 2

k )(eµ∆−1−µ∆)2+σ2

∫ ∆

0

(eµu−1)2du .

Hint : if A and B are real random variables, then 2E(AB) ≤ ∆E(A2) + 1
∆E(B2).

We have

(Xtk+1
− Yk+1)2 =

(
eµ∆(Xtk − Yk) + Yk(eµ∆ − 1− µ∆) +

∫ tk+1

tk

σ(eµ(tk1
−s) − 1)dWs

)2

.

We have

E
(∫ tk+1

tk

σ(eµ(tk1
−s) − 1)dWs

)
= 0

(because we integrate a deterministic process against dWs). The term
∫ tk+1

tk
σ(eµ(tk1

−s)−
1)dWs is independant of Yk, Xtk . So

E((Xtk+1
− Yk+1)2) = e2µ∆E((Xtk − Yk)2) + (eµ∆ − 1− µ∆)2E(Y 2

k )

+ 2eµ∆(eµ∆ − 1− µ∆)E((Xtk − Yk)Yk) + E

((∫ tk+1

tk

σ(eµ(tk1
−s) − 1)dWs

)2
)

= e2µ∆E((Xtk − Yk)2) + (eµ∆ − 1− µ∆)2E(Y 2
k )

+ 2eµ∆(eµ∆ − 1− µ∆)E((Xtk − Yk)Yk) + E
(∫ tk+1

tk

σ2(eµ(tk1
−s) − 1)2ds

)
≤ e2µ∆E((Xtk−Yk)2)+(eµ∆−1−µ∆)2E(Y 2

k )+(∆E(e2µ∆(Xtk−Yk)2)+
1

∆
(eµ∆−1−µ∆)2E(Y 2

k ))

+ σ2

∫ ∆

0

(eµu − 1)2du

= (1 + ∆)e2µ∆E((Yk −Xtk)2) +

(
1 +

1

∆

)
E(Y 2

k )(eµ∆ − 1− µ∆)2 + σ2

∫ ∆

0

(eµu − 1)2du.


