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Exercise 1. We have random variables X7, Xo, ..., X,, (n € N*). They all have the same law
g, that depends on a parameter 6§ € R. Suppose T is a function of X;,...,X,. Let 6, be an
estimator of § (based on X7,...,X,). We set 0 =E(6,|c(T)). Show that

E((6;, - 0)°) < E((6, — 0)°).
Hint: E(0|o(T)) = 6.

E(Onlo(T)) = 6)%)
E(Bn — 0/T))%)

E((0; —0)%) = K
= E(

(Jensen) < E(

= E((0. —0)?)

Exercise 2. We are interested in the following SDE (on an interval [0,7], T > 0)
(0.1) AX, = pXydt + odW;, Xo =0,
((Wi)i>0 is a standard Brownian motion, p and o are > 0). We take n € N*. We set A = T'/n.
For all k € {0,1,...,n}, ty = kT/n. For all t € [0,T], t = supyeqo,1,... n3itk : tx < t}. The Euler
scheme associated to Equation (0.1) is defined recursively by
Yy =0,Ye1 = Yi(1 + pd) + oVAZL 1,
where, for all £ > 1,
Wtk - Wtk—l
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For all k, Y}, is an approximation of Xy, .
(1) Show that, for all k > 0,

o (14 puA)?* -1
E(Y’f)u<( S )

We show this using a recurrence on k.
— True for £ = 0.
— Suppose this is true in k. The variables Y}, and Zj41 are independant so
E(YZ) = (1+pA)P’E(Y?)+0%A
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(2) Show that, for all k > 0,

te+1
A t —us
Xty = 'S Xy, +oel ’““/ e M dWs .

Tk
Hint: introduce Z; = et X,, + oel! x fttk e HsdWsy, for t € [tx, try1]-
We set k > 0. We set Z; = e"X;, + oelt x fttk e HsdWy, for t € [ty,try1]. Using the
product rule

t t t s .
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Zo + / wZsds + 0‘/ odW; .
t t

The function & — =z is Lipshitz so there is a unique strong solution to the SDE on
[th, th]:

Z

Up, = Xy, , AUy = pUpdt + 0dWs .
So Z; = X for all t € [ty,tpq1}. Which imples Z;, |, = X;, ., (the desired result).
(3) Show that, for all & > 0,

1 A
E((Yirr—Xi,.,)°) < <1+A>e2“AE<<Yk—th>2>+(1 + ) E(Y2) (" ~1—p)*+o” / (¢ ~1)%du.

A
Hint : if A and B are real random variables, then 2E(AB) < AE(A?) + %E(BQ).
We have
te41 2
(Xtpoy — Y1) = <6“A(th —Y3) + Yi(et® —1— pA) —|—/ o (et =s) l)dWs)
123
We have

tht1
E (/ s 1)dWs> =0
tr

(because we integrate a deterministic process against dWs). The term f tt:“ g(e#(tkl —s) _
1)dWy is independant of Yy, X, . So

E((Xtypy = Yir1)?) = €2E((Xy, — Y0)?) + (% — 1= nA)’E(YY)

tet1 2
+ 2eM2 (e — 1 — pA)E((Xy, — Yi)Yi) +E <</ o(erttn=s) — 1)dWs> )

tr
= HAR((Xy, — Yi)?) + (e"2 — 1 — uA)?E(YR)
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< HEE((Xy, —Yi)?) + (€42 = 1= pA)’E(Y) + (AE(e*2 (X, _Yk)2)+%(€#A_1_MA)2E(Y13))
A
+ 02/ (e’ —1)2du
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= (14 A)2E((Y — Xy, )?) + <1 + i) E(Y2)(e"® =1 — pA)? + o2 /OA(eW —1)%du.



